Microlensing of stars, e.g. in the Galactic bulge and Andromeda galaxy (M31), is among the most robust, powerful method to constrain primordial black holes (PBHs) that are a viable candidate of dark matter. If PBHs are in the mass range M PBH < ∼ 10 −10 M , its Schwarzschild radius (r Sch ) becomes comparable with or shorter than optical wavelength (λ) used in a microlensing search, and in this regime the wave optics effect on microlensing needs to be taken into account. For a lensing PBH with mass satisfying r Sch ∼ λ, it causes a characteristic oscillatory feature in the microlensing light curve, and it will gives a smoking gun evidence of PBH if detected, because any astrophysical object cannot have such a tiny Schwarzshild radius. Even in a statistical study, e.g. constraining the abundance of PBHs from a systematic search of microlensing events for a sample of many source stars, the wave effect needs to be taken into account. We examined the impact of wave effect on the PBH constraints obtained from the r-band (6210Å) monitoring observation of M31 stars in Niikura et al. (2019), and found that a finite source size effect is dominant over the wave effect for PBHs in the mass range M PBH [10 −11 , 10 −10 ]M . We also discuss that, if a densercadence (10 sec), g-band monitoring observation for a sample of white dwarfs over a year timescale is available, it would allow one to explore the wave optics effect on microlensing light curve, if it occurs, or improve the PBH constraints in M PBH < ∼ 10 −11 M even from a null detection.
INTRODUCTION
The nature of dark matter (DM) is one of the most tantalizing problems in cosmology and physics. Unknown stable elementary particle(s) beyond the Standard Model of Particle Physics, the so-called Weakly Interacting Massive Particle(s) (WIMP), has been thought of as a viable candidate of DM, but has yet to be detected either in direct experiments, collider experiments, or indirect searches (e.g. Jungman et al. 1996; Hooper 2018; Arina 2018) . Primordial black holes (PBHs) (Hawking 1974; Carr 1975 ) are alternative, viable candidate of DM (Carr et al. 2016; Carr 2019; Sasaki et al. 2018) . Recently the PBH DM scenario has got attention again, partly because of recent claims that PBHs of 10M mass scales can be progenitors of binary black holes whose gravitational wave have been detected by the E-mail: sunao.sugiyama@ipmu.jp † E-mail: toshiki.kurita@ipmu.jp LIGO/Virgo experiment (e.g. Sasaki et al. 2016; Bird et al. 2016) .
Given these growing interests, there are many observational attempts to search for or constrain PBHs of various mass scales (Carr et al. 2010 (Carr et al. , 2017 Inomata et al. 2017; SatoPolito et al. 2019) . Gravitational microlensing is the most powerful, robust method of constraining PBHs (Paczynski 1986; Griest et al. 1991) , because it is a gravitational effect and can probe mass of a lensing compact object, if detected, regardless of whether or not the lensing object is visible (Bechtol et al. 2019; Ali-Haimoud et al. 2019 , for future prospects). In such a microlensing search we should keep in mind a discovery potential: if we have an even single, secure candidate of microlensing event indicating a mass scale of M < ∼ a few M and if the counter object is confirmed as a black hole (or extremely invisible object) based on any follow-up, deep observation in various wavelengths, it can be a smoking gun evidence of PBH because any supernova explosion or other astrophysical process cannot make such a light-mass BH of < ∼ a few M . The pioneer work was done by the MACHO and EROS experiments that used monitoring observations of stars in the Large Magellanic Cloud to search for microlensing events and then obtained upper bounds on the abundance of compact objects over a wide range of mass scales M [10 −7 , 10]M (Alcock et al. 1996 (Alcock et al. , 2000 Tisserand et al. 2007 ). This constraint was recently updated in Niikura et al. (2019b) that used the public OGLE microlensing events (Mróz et al. 2017) . Niikura et al. (2019a) , where authors of this paper are co-authors, used the new wide-field prime-focus camera at the 8.2m Subaru telescope, Hyper Suprime-Cam (HSC), to carry out very dense cadence observation (2 min cadence) of the Andromeda galaxy (hereafter M31). Thanks to the wide field-of-view and large aperture of HSC/Subaru, they were able to monitor many stars in M31 (about 770kpc in distance or 24.4 mag for the distance modulus) and to search for microlensing events of much shorter timescales than previously done. They found one possible PBH microlensing event compared to the expected event number up to 1000 events if PBHs make up all DM in the Milky Way and M31 halo regions. The results were then translated into most stringent upper bounds on the abundance of PBHs over the range of mass scales, M PBH [10 −11 , 10 −7 ]M . As discussed in Niikura et al. (2019a) , there is a fundamental limitation to constrain PBHs in M < ∼ 10 −11 M , from an optical microlensing search, due to the finite source size effect and the wave optics effect (see Katz et al. 2018; Bai & Orlofsky 2018 , for similar discussion).
There are several earlier works discussing the wave optics effect on gravitational lensing (Schneider et al. 1992; Gould 1992; Nakamura 1998; Nakamura & Deguchi 1999; Takahashi & Nakamura 2003; Matsunaga & Yamamoto 2006) . These considered lensing of gamma-ray burst or gravitational waves, which are in much shorter or longer wavelengths than optical light. If PBHs are lighter than 10 −10 M , the Schwarzschild radius becomes comparable with or even shorter than optical wavelengths, then we cannot ignore the wave optics effect on microlensing due to interference and diffraction effects. In an extreme case even a PBH, e.g. if lighter than 10 −11 M , cannot bend the path of optical light from a star. The HSC/Subaru data of M31 was the first kind of data to realize that the wave optics effect can be important for optical microlensing observation.
Hence the purpose of this paper is to study the effect of wave optics on the optical microlensing search, with particular focus on the Subaru HSC M31 data in Niikura et al. (2019a) . For comprehensiveness, we also study the effect of finite source size on microlensing (Witt & Mao 1994; Cieplak & Griest 2013) 1 . The wave effect itself for optical microlensing is quite interesting because it gives a direct evidence of PBH, if the effect is measured from the mirolensing light curve even for a single event, because any astrophysical object cannot have such a tiny Schwarzschild radius (their physical size is bigger than the light wavelength). After carefully studying the two effects on microlensing light curve, we will discuss how these affect the microlensing constraints on the abundance of PBHs in such a light mass range. Our study will give a more quantitative study of the results in Niikura et al. (2019a) . We will also discuss how these constraints can be improved by using a bluer optical data, such as g-band data, than used in Niikura et al. (2019a) , because the wave effect would be smaller in shorter wavelengths.
The structure of this paper is as follows. In Section 2 we review the effects of wave optics and finite source size on microlensing in optical wavelengths. In Section 3, we discuss the implications of wave effect and finite source size effect on the PBH constraints obtained from the Subaru HSC microlensing search of stars in M31. In Section 4 we will give a discussion of how the optical microlensing constraints on PBHs can be improved if a microlensing search based on bluer-filter data (g-band filter) is used. We then give conclusion in Section 5. Throughout this paper we adopt the natural units, c = 1 (c is the speed of light).
THE WAVE OPTICS AND FINITE SOURCE SIZE EFFECTS ON PBH MICROLENSING
In this section, we review the effects of wave optics effect and finite source size on PBH microlensing, following the papers (Nakamura 1998; Takahashi & Nakamura 2003; Matsunaga & Yamamoto 2006) 
Microlensing basics for a point source
The characteristic angular scale of microlensing for a star in M31 due to a PBH is the Einstein radius on the sky (Paczynski 1986 ) (also see Schneider et al. 1992; Kochanek 2006) :
where R E is the Einstein radius defined as
d L and d S are distances to a lensing PBH and a source star, respectively, M PBH is the PBH mass, and x ≡ d L /d S . We assume that a source star is at the distance to M31 for which we assume d M31 = 770 kpc, and plugged in M PBH = 10 −10 M into the above equation. If a source star is closer than θ E in separation from a lensing PBH on the sky, the source star is multiply imaged by its lensing. However, as implied by the above equation, the separation between multiple images is too small to be resolved by an optical telescope -this phenomena is "microlensing". What is observed instead is a magnification of the total flux of two images relative to that of the original single image. The microlensing magnification for a point source, under the geometrical optics approximation (i.e. when ignoring the wave optics effect), is given as
where u is the dimension-less impact parameter between lens and source in units of the Einstein radius, the subscript "nw" denote no wave effect, and the superscript "p" denotes point source.
If u 1, a source star is multiply imaged, and the total magnification A 1.34 (i.e. the observed flux is brightened by a factor of 1.34 compared to the original brightness), which we will often consider a clear event of microlensing phenomena to be detected in the following.
Because a PBH and a source star have a relative motion with respect to an observer, it causes the observed flux of a source star to vary with observation epoch (time), leading a characteristic light curve of the observed star flux. In this way a microlensing event can be identified from the observation and is distinguishable from other variable stars, as done in many experiments (e.g. Alcock et al. 2000; Tisserand et al. 2007; Sumi et al. 2003; Mróz et al. 2017) . A typical timescale of the microlensing light curve can be estimated from a crossing time of the Einstein radius for a lensing PBH with respect to a source star:
where v is the relative velocity for a observer-lens-source system (Niikura et al. 2019a ). Here we assumed v = 200 km/s for a typical velocity of PBH in the halo regions of Milky Way and M31 as implied by their rotation curves (any object following the gravity in the Milky Way and M31 halo regions should have a similar velocity structure). More exactly speaking, the velocity relevant for a microlensing light curve is the velocity component on the two-dimensional plane perpendicular to the line-of-sight direction, and one needs to take into account variations in the velocity direction in the plane, as well as the dependence of lens distance. For this reason, the timescale of light curve even for a fixed mass PBH has a wide distribution (Niikura et al. 2019a ). Nevertheless, the above equation implies that the light curve timescale is sensitive to a mass of lensing object; a PBH of 10 −10 M mass scales would give a minute timescale, while a lensing object of solar mass scales would give a few months timescale for its light curve as shown in MACHO experiment (Alcock et al. 2000) . In other words, if we can identify a secure microlensing event that has a very short timescale such as minute timescale, it would be a smoking gun detection of light-mass PBH such as 10 −10 M , because any astrophysical processes cannot produce a compact object of such small mass scales.
Effect of wave optics
If the Schwarzschild radius of a lensing object is sufficiently larger than the wavelength of light used in a microlensing observation, the microlensing event is well described by "geometrical optics approximation" (Schneider et al. 1992) . On the other hand, if the Schwarzschild radius becomes comparable with or shorter than the light wavelength, we need to take into account the wave optics effect (interference and diffraction effects) on the lensing magnification. In the following, we briefly review the wave optics effect on microlensing for a point source, following Takahashi & Nakamura (2003) .
The wave effect is characterized by the parameter "w", defined as
where r Sch is the Schwarzschild radius of lensing PBH, and λ is the characteristic wavelength of light in an observation (here we assumed 6210Å corresponding to a central wavelength of r-band in the Subaru telescope as our default choice). Once we fix the light wavelength, the wave parameter depends only on the mass of PBH, so the wave effect is independent of the distance of PBH. This is because wave effect is not a geometrical effect which depends on the path of light, but rather a local effect around the lensing object. The magnification including the wave optics effect, A p w (w, u), is given in Schneider et al. (1992) (also see Nakamura 1998; Nakamura & Deguchi 1999; Takahashi & Nakamura 2003) as
where 1 F 1 is the confluent hypergeometric function. The maximum magnification is realized by setting the impact parameter u = 0:
where the subscript "w" denotes "wave effect". From this equation we can find that, even if microlensing occurs and if w 1, the maximum magnification can be significantly reduced as A p w max ≈ 1 + πw/2 (A p w = 1 means no lensing magnification) compared to A → ∞ in the geometrical optics approximation case.
When the wavelength becomes very short compared to the Schwarzschild radius of lensing object, i.e. w 1, the magnification under the geometrical optics approximation is realized:
The second term of the above equation is a rapidly oscillatory function of u for a fixed w (w 1). In practice the second term averages out, i.e. is irrelevant in an actual observation, if we consider a finite source size (see below) or if we consider a finite range of light wavelengths in an optical filter and/or a finite exposure time of an observation. For this reason, the second term is often ignored under the geometrical optics approximation, which becomes equivalent to Eq. (3). Fig. 1 compares lensing magnification taking into account wave optics with that of geometrical optics approximation for a point source in M31. When wu > ∼ O(1), the two curves agree with each other, which implies that the geometrical optics approximation holds valid. On the other hand, when wu < O(1), the wave effect becomes significant, leading to less magnification compared to the that of geometrical optics. For wu 1 as an extreme case, A p w → 1, meaning no magnification due to the wave optics effect. Fig. 2 shows lensing magnification as a function of impact parameter u for PBHs of different mass scales, assuming the optical wavelength λ = 6000Å as in Fig. 1 . For a microlensing system we are interested in, the impact parameter is time-varying as given by u = u min + vt, where v is the relative velocity of lens-source-observer system (v is considered constant for a microlensing phenomenon of interest), u min is the minimum separation between lens and source, and t is time from the minimum separation. Therefore the curves in this figure are equivalent to a light curve of microlensing as a function of observation time. As expected from Fig. 1 , the heavier the lens object is, more rapidly the lensing magnification oscillates with u. This feature plays an important role when considering the effect of finite source size. We also note the maximum lensing magnification has an asymptotic behavior at u → 0: A p w → constant, while the geometrical optics approximation (Eq. 3) gives A p nw → u −1 at u → 0 as explicitly shown by the dashed curve.
As obvious from Figs. 1 and 2, characteristic features of the wave optics effect on PBH microlensing are oscillatory features in the light curve. If we can find any microlensing event, even a single event, that shows such an oscillatory feature in its light curve from an optical observation, it would be a smoking gun evidence of PBH having light mass in the range M PBH [10 −11 , 10 −10 ]M , because any astrophysical, compact object cannot have such a tiny Schwarzschild radius comparable with optical light wavelength (the physical size of any compact object should be much greater than the wavelength). Here the lower cut 10 −11 M comes from the fact that there is no lensing effect for PBHs with masses below the mass limit, because of too strong wave effect. Hence the wave effect in the optical microlensing is worth to explore.
Effect of finite source size
The effect of finite source size on microlensing is characterized by the ratio of source size to the Einstein radius on the sky (Witt & Mao 1994) . We use the parameter U to denote the ratio, defined as
where R S is the finite source size for which we assumed the solar radius. If U > ∼ 1, the source size effect becomes significant for the microlensing magnification. Even if U ∼ O(0.1), the effect is not negligible as we will show below. Throughout this paper we mainly consider the solar radius, R , for the source star size following Niikura et al. (2019a) that use a monitoring observation of (mainly main-sequence) stars in M31 with Subaru/HSC. Even if the physical source size is fixed, the the source size effect varies with the relative position of lensing PBH to an observer, as given by
1/2 ; for a smaller x (a PBH closer to an observer), U becomes smaller. This means that the source size 
where M PBH is a PBH mass, r Sch is its Schwarzschild radius, and λ is the wavelength of light used in a microlensing observation.
For an optical-wavelength observation, the w parameter in the x-axis can be read as PBH mass scale; the values in the upper x-axis correspond to PBH masses for the r-band filter wavelength (λ = 6000Å). For this plot, we fixed u = 1 for the impact parameter in units of the microlensing Einstein radius, u = b/R E = 1; it leads to A = 1.34 for the geometrical optics limit denoted by the dashed curve. Although the curve has a rapid oscillation at w 1, what is actually observed is the averaged magnification, e.g. over a finite exposure time, which indeed gives A = 1.34. The solid curve shows the result taking into account the wave effect. When w < ∼ 1, where the wavelength becomes longer than the PBH Schwarzshild radius, the dashed and solid curves start to deviate from each other, meaning that the wave effect becomes significant. It has an asymptotic limit, A → 1 at w 1, i.e. no lensing magnification due to the wave effect.
effect is stronger when a PBH is lighter or if a PBH is nearer to the source.
To model the finite source size effect, we assume that a source star is a circular disk with constant surface brightness. This is a simplified assumption, but is enough for our purpose. Assuming that the source center is separated from a lensing PBH by u (i.e. the impact parameter between the source center and lens), we can compute the lensing magnification for such a disk-shaped star from an average of the lensing magnification (Eq. 3) over the source disk:
where the integral variable y moves within the circular source disk of radius U, we set the origin (y ≡ 0) to the source center, the superscript "f" in A f denotes the "finite source size effect", and we set a lensing PBH to be located at u = (u, 0) due to symmetry of the circular disk star. Note (Eq. 6) and then perform the numerical integration to obtain the magnification for a given set of parameters (u, U, w). Fig. 3 shows lensing magnification as a function of the impact parameter for different input values of U corresponding to different physical source sizes for a fixed PBH mass, M PBH = 10 −10 M . When taking into account the finite source . Lensing magnification of a point source as a function of the impact parameter u for a lensing PBH of different mass scales. As in Fig. 1 , we adopted λ = 6000Å for the light wavelength. Each solid curve is equivalent to a light curve of microlensing, but in an actual observation we need to take into account the average of magnification over a finite exposure time and/or a finite range of wavelengths in a filter, which can be compared to the geometrical optics limit (dashed curve). Each curve becomes flattened at small impact parameters due to the wave effect. The maximum magnification at small impact parameters is lower for lighter-mass PBHs due to more significant wave effect.
size, the lensing magnification becomes flattened at separations, u < ∼ U. For U = 0.1, the finite source size effect is not significant, but not negligible. On the other hand, the finite source size effect smears out oscillatory features in the light curve, because different points in a source (disk-like shape source) have different phases in the wave optics effects of lensing magnification, and the oscillatory features are averaged out when integrating the lensing magnification over the source region. Thus the finite source size makes it difficult to extract an oscillatory feature in the microlensing light curve. Nevertheless we should note that the finite source size effect depends on a lens distance; the effect becomes relatively less important for a lensing PBH closer to an observer, while the wave effect is independent of lens distance. This difference might help distinguish the wave effect from an observed microlensing light curve.
Effect of exposure time average
For an actual observation of the PBH microlensing search, we need to further take into account the effect of finite exposure time. Here an "exposure" time means a time duration during which photons from a source star are collected and then the total number of photons (more exactly electrons converted from the photons) in one exposure is stored into the hard drive after closing a shutter of the camera. In the following we denote the exposure time as t exp .
We throughout this paper adopt t exp = 90 sec as our fiducial parameter following the observation in Niikura et al. (2019a) . The impact parameter of a given microlensing event would be changed during the exposure time by an amount Fig. 2 , but the solid curves show the lensing magnification when further taking into account the finite source size effect in addition to the wave effect. Note that the plotting range of y-axis is different in this plot from that in Fig. 2 . We consider several cases for the source size as given in the legend. The source size is defined in units of the Einstein radius of a lensing PBH: e.g., U = 1 corresponds to θ S = θ E on the sky.
Thus what we can observe is the microlensing magnification averaged over the exposure time or equivalently the interval ∆u around the fiducial point of u. Because of ∆u ∝ v/R E for a fixed exposure time, the averaging effect is more significant when v is greater or R E is smaller. Hence the lensing magnification including the effect of a finite exposure time can be estimated as
More exactly speaking, however, the averaged magnification needs to be computed from a given trajectory around the fiducial point u. In the above equation, we simply assume that the trajectory is along the path towards the center of source star (i.e. the path with the minimum impact parameter u min = 0). This is a simplified treatment, but is enough for our purpose. We will use this equation to estimate the impact of finite exposure time on our results.
IMPLICATIONS ON THE PBH CONSTRAINTS FROM THE SUBARU HSC MICROLENSING SEARCH
In this section we study the impact of wave optics effect and finite source size effect on a search of microlensing for source stars in M31 due to intervening PBHs that exist between the Earth and M31, if PBHs make up DM in the Milky Way and M31 halo regions, by a certain mass fraction. To do this we employ the parameters in Niikura et al. (2019a) to model the spatial and velocity distributions of DM including PBHs in the Milky Way and M31 regions. The optical depth of microlensing for a single source star in M31 due to PBHs is given as
where a factor Ω PBH /Ω DM gives the mass fraction of PBHs to DM that exists along the line-of-sight direction in the Milky Way and M31 regions, and ρ DM (d L ) is the mass density distribution of dark matter along the line-of-sight direction up to the source star. Here we assume a single source plane; i.e. we assume that all source stars in M31 are at the same distance, which is a good approximation because the spatial extent of stellar distribution in M31 (∼ 10 k pc) is very small compared to the distance of M31 (770 kpc). To model the spatial distribution of DM, we employ Navarro-FrenkWhite (NFW) models (Navarro et al. 1997; Klypin et al. 2002) to reproduce the flat rotation curve for each of the Milky Way or M31, respectively; we compute the total DM distribution ρ DM (r) by a sum of the contributions of two NFW profiles at the distance of a lens from the Milky Way center and the M31 center, respectively (see Niikura et al. 2019a , for details). Here, we simply included "microlensing" events in consideration if lensing PBH and source star are separated by less than the Einstein radius on the sky. Since R 2 E ∝ M PBH , the above optical depth does not depend on When PBHs are too light, no PBH can cause a detectable microlensing due to the source size and wave effects. This is the case for M PBH = 10 −12 M (u T = 0 for this case). The shaded region shows the differential contribution to the microlensing optical depth showing how PBHs at each distance contribute the total optical depth (the integrand of Eq. 13). The difference between the upper and lower plots is that, for the lower panel, we include the effect of finite exposure time, 90 sec here; when computing a more realistic light curve of microlensing, we compute the lensing magnification averaged over the exposure time assuming a typical velocity of lensing PBH with respect to a source star at each distance (for which we assume a velocity expected from the velocity dispersion of DM halo at each distance). When PBHs become too light, the light curve has a rapid oscillatory feature as a function of separation between lens PBH and source star as indicated in the previous figure, so it causes a more significant average of the lensing magnification.
PBH mass. In the following we will more carefully consider how the detection threshold for a microlensing observation could be changed if taking into account the finite source size effect and/or wave optics effect. The differential event rate of PBH microlensing for a single source star in M31 is defined (see Eq. 18 in Niikura
where [hours] . For the velocity distribution of DM, therefore PBHs, we assume the isotropic, random virial motion according to the NFW halo at a given radius of lensing PBH from the Milky Way center or M31 center.
The integration with respect to the minimum impact parameter u min in Eq. (14) is in the range u min = [0, u T ], where u T is the threshold impact parameter defined as follows. We observationally detect a microlensing event of PBH if the magnification of a source star is large enough and then the light curve of a source star is detected under observational conditions. More exactly speaking, to estimate the detection sensitivity of microlensing events, it requires detailed simulations of microlensing light curve taking into account observation conditions as well as combinations of model parameters, as done in Niikura et al. (2019a) . This is beyond the scope of this paper. Here we simply assume that a microlensing event can be detected if the maximum magnification is greater than a threshold value A T = 1.34, which corresponds to the magnification at the impact parameter u = 1 for a point source under geometrical optics approximation (Eq. 3). Even if we consider the wave optics effect and/or the finite source size effect, we can determine the threshold impact parameter, u T , corresponding to A T = 1.34, once the model parameters (distance to PBH, PBH mass, source size, and optical wavelength) are fixed. If 0 u min u T , the microlensing event has a magnification with A 1.34. The integration over u min in Eq. (14) includes microlensing events with A 1.34. Fig. 4 illustrates how the threshold impact parameter u T is changed when taking into account the finite source size effect and the wave optics effect, assuming typical values of the model parameters. For this particular set of the model parameters, the finite source size effect and the wave effect both increase the threshold value of the impact parameter u T compared to the point source and geometrical optics case (u T = 1). Hence the effects increase a cross section of the microlensing. The oscillatory feature in the light curve appears at u > u T or A < A T for this case. For other parameters, such oscillatory feature can appear at u < u T . In this way we can estimate the numeric value of u T as a function of the model parameters.
In Fig. 5 we study how the threshold impact parameter varies as a function of the distance to PBH for different PBH mass scales as well as the dependence on the finite source size effect and/or the wave optics effect. For a point source, u T = 1 independently of the lens distance. First of all, when taking into account the finite source size effect and/or the wave optics effect, only PBHs at particular distances can contribute the microlensing events. If PBH is too light such as M PBH < ∼ 10 −11 M as we will show below, PBHs Figure 6 . The impact of the finite source size effect and the wave effect on the 95% C.L. upper bound on the PBH mass fraction to DM in the halo regions of the Milky Way and M31 in Niikura et al. (2019a) , which are based on the r-band filter data of M31 taken with the Subaru HSC. Note that the r-band filter has 6210Å for the central wavelength, and they used 8.7 × 10 7 stars for the constraints. Compared to the point source result, the source size and wave effects cause a sharp cut in the upper bounds at M PBH < ∼ 10 −11 M , i.e. no constraint for such light-mass PBHs. For the finite source size effect we assume the solar radius for all source stars.
can not cause a detectable microlensing event. The step-like feature in the result for M PBH = 10 −10 M arises from the oscillatory feature in the light curve when taking into account the wave effect, if u T is determined according to the method in Fig. 4 . However, as shown in the lower panel, a finite exposure time has a significant impact on the threshold calculation, where we used Eq. (12) to estimate the effect; the finite exposure time (90 sec) averages out the oscillatory feature in the light curve, leading to no detectable microlensing event, i.e. u T → 0, if a lensing PBH is closer to an observer 2 . Even if u T appears to have a greater value for PBHs at d L < ∼ 10 −1 kpc for M PBH = 10 −10 M , the contribution of PBHs at such small distances to the microlensing event rate is very small as indicated by the gray-shaded region, and therefore the contribution to the event rate is negligible. Fig. 6 is the main result of this paper. Here we use the microlensing search results from one-night Subaru HSC rfilter data of M31 in Niikura et al. (2019a) , where they found only one possible candidate of PBH microlensing compared to many expected events if all DM is made up of PBHs. The results were translated into an upper bound on the abundance of PBHs at each mass scale assuming a monochromatic mass spectrum for PBHs. Fig. 6 compares the results for three cases: i) if we assume a point source and ignore the wave optics effect (most optimistic case), ii) if we take into account the finite source size effect, and iii) if we take into account both the finite source size effect and the wave op- . An expected constraint on PBH abundance for a hypothetical dense-cadence monitoring observation of white dwarfs in a g-band filter (centered at λ = 4730Å). Here we assume that we can have a monitoring observation for 1000 white dwarfs at 100 kpc in distance, that all white dwarfs have the same radius of 0.05R , that we can perfectly recover the microlensing light curve in the timescale range of 10 sec t E 2 min, if occurs, and t obs = 1 year for the net, total observation time (see text for details). The red curve shows the expected 95% C.L. upper limit on the PBH abundance, if no lensing event is detected (i.e. null detection), when taking into account both the wave optics and finite source size effects. The blue curve shows the result when including the finite source size effect alone. Hence the cutoff at M PBH ∼ 3×10 −12 M is due to the wave optics effect for the g-band observation. For comparison, the gray curve shows the red curve in Fig. 6 . tics effect. Here we assume the solar radius for source size for all stars in M31. The figure shows almost no difference between the results of cases ii) and iii), meaning that the finite source size effect is a dominant effect for low-mass PBHs in M PBH = [10 −11 , 10 −7 ]M . In other words, the wave effect is very difficult to distinguish in this kind of statistical study of microlesning search based on the r-band data. Fig. 6 clearly shows a fundamental limitation of the PBH constraint from the Subaru r-band data; no constraint on PBHs at M < ∼ 10 −11 M . How can we improve the microlensing constraints on PBH abundance from an optical observation? One possibility is to use a shorter-wavelength filter for the microlensing search because the ratio of PBH's Schwarzschild radius to the light wavelength becomes greater, which reduces the impact of wave optics effect. For example, if we can use a g-band filter whose central wavelength (λ = 4730Å) is shorter than that of r-band filter (λ = 6210Å) we have considered, we could still monitor many stars. In particular, white dwarfs are bluer than main sequence stars, and have a smaller radius which is typically about a few % the solar radius. This reduces the impact of finite source size effect. However, the abundance of white dwarfs is smaller than that of main sequence stars, by a factor of 10 as implied from the MOA or OGLE microlensing events for stars in the Large Magellanic Cloud (LMC) or the Galactic bulge region (Sumi et al. 2003; Mróz et al. 2017; Niikura et al. 2019b ). In addition, white dwarfs are much fainter than main sequence stars (by more than 5 magnitudes than main sequence stars). So a large-aperture telescope is needed, or we need to monitor white dwarfs at closer distances than in M31, e.g. white dwarfs in the Galactic bluge or LMC so that white dwarfs are bright enough to be detected by a reasonably large-aperture telescope such as the 8.2m Subaru telescope.
DISCUSSION
To explore microlensing event(s) due to PBHs in the mass range M PBH < ∼ 10 −11 M , we need a much densercadence observation of white dwarfs than done in the Subaru r-band 2 min-cadence observation of Niikura et al. (2019a) (90 sec exposure plus 30 sec exposure), in order to well sample a mirolensing light curve of much shorter timescale than 2 min. This is challenging, but is not impossible. If a largeformat CMOS image sensor is available for a large aperture telescope, it will allow a much faster readout imaging of source stars including white dwarfs. Here we assume that we can have a monitoring observation for a sample of 1000 white dwarfs, compared to 8.7 × 10 7 stars in M31 in Niikura et al. (2019a) , using a large-format CMOS image sensor with g-band filter at a large aperture telescope. We assume that the 1000 white dwarfs are at 100 kpc in distance so that those are bright enough, and that all the white dwarfs have the same radius, R S = 0.05R for simplicity. Such a sample would be available for a star cluster, the Galactic bulge (∼ 8 kpc) or the LMC (∼ 50 kpc). Then we assume that we can well sample a light curve of microlensing, if occurs, in the range of 10 sec t E 2 min for the typical light curve timescale. More exactly we assume that we can perfectly recover a mirolensing event of the timescale range, if occurs. Finally we assume we have a 1-year amount of data for the net observation time. Such a telescope/detector would be interesting to explore, and seems feasible within next 10 years or so. Here we simply use the same models in Niikura et al. (2019a) to study forecasts for such a microlensing search (so we assume the white dwarf sample is in the direction to M31). Fig. 7 shows the expected upper bound on the PBH abundance from the g-band microlensing search we described above, assuming no secure microlensing event (i.e. null detection). Compared to Fig. 6 , such a g-band densecadence monitoring observation can constrain PBHs at lighter mass scales, down to a few times 10 −12 M . The cut off at the low PBH mass is from the wave optics effect; PBHs in the lighter mass scales cannot cause microlensing. This result can be understood as follows. The expected number of microlensing events is roughly given as N exp ∼ N S × τ × (t obs /t E ), where N S is the number of source stars (here white dwarfs), τ is the optical depth of PBH microlensing for a single source star, and t obs is the net observation time. The optical depth τ 10 −6 for the Milky Way halo if PBHs make up all DM in the Milky Way halo region. Hence, if we seach for a microlensing event of 10 sec timescale, the expected number is N exp ∼ 10 3 × 10 −6 × (3 × 10 7 sec) × (10 sec) −1 ∼ 3000. If we cannot find any event, i.e. null detection, it gives an upper limit that such PBHs are not allowed by more than 1/3000 = 0.003 for the mass fraction of PBHs to DM, which roughly reproduces the result in Fig. 7 . More quantitatively, in the figure we took into account the distribution of light curve timescales due to the velocity distribution of PBHs in the Milky Way halo region.
CONCLUSION
In this paper, we studied the effects of wave optics and finite source size on the optical microlensing search for stars in M31 due to PBHs that would exist in the Milky Way and M31 halos if DM is made up of PBHs. If PBH is in mass scales of M PBH < ∼ 10 −10 M , its Schwarzschild radius (r Sch ) becomes comparable with or shorter than the optical filter wavelength (e.g. the r-band filter, centered at 6210Å), and the wave effect on microlensing needs to be considered for such PBHs. For PBHs with r Sch λ, even PBHs cannot bend the path of optical light, so causes no microlensing magnification, which gives the fundamental limit for an optical microlensing search (M PBH < ∼ 10 −11 M for the optical r-band filter). Nevertheless, if we can find a secure microlensing event for PBH with ∼ 10 −10 M in an optical filter observation, it is a smoking-gun evidence of PBHs because any other astrophysical object cannot have such a tiny Schwarzschild radius (their physical size is much larger than the optical wavelength). This is an interesting possibility to explore from an actual observation. However, we showed that the finite source size effect is equally important, if the microlensing observation targets main-sequence stars, and likely erases characteristics signatures of the wave effect in the mirolensing light curve. As the main result of this paper, we studied the impact of wave effect and finite source size effect on the PBH constraints obtained from the Subaru HSC microlensing search for stars in M31 in Niikura et al. (2019a) . We showed that the effects are significant, and the finite source size effect is a dominant effect compared to the wave effect, if source stars have a size of the solar radius as expected for main sequence stars (see Fig. 6 ). Nevertheless, upcoming wide-area surveys such as LSST, Euclid and WFIRST would be very powerful to search for microlensing events due to PBHs over a wide range of mass scales, so the results shown in this paper are relevant for microlensing search from the upcoming surveys.
In order to "detect" the wave optics effect of microlensing in an optical observation, we need to use a source star which has a smaller size. Such a source is white dwarf, which has a smaller size (typical a few % the solar radius), and can be observed in optical wavelengths. However, the number of white dwarfs are smaller than that of main sequence stars, by a factor of 10, and white dwarfs are much fainter than main sequence stars, by more than 5 magnitudes (a factor of 100 in the flux). Hence the microlensing search for white dwarf sources is challenging, but it is not impossible. For example, a CMOS sensor detector would be promising, compared to CCD camera, because it allows a much denser-cadence monitoring observation of source stars and therefore enables to search for ultrashort timescale microlensing events (the readout time of Subaru HSC is 30 sec). We discussed that such a monitoring observation in g-band filter can improve the PBH abundance in the mass scales, M < ∼ 10 −11 M , and therefore such a CMOS camera with large field-of-view at a large-aperture telescope would be powerful to further explore PBH signatures.
